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Cauchy — Buniakovski - Schwarz
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- Daca x,y,z sunt numere reale pozitive, sa se arate ca:

(X+ y)(y+2)(z+Xx) >8xyz
Dem

x+y22\/x7y

Yy+22>2.Vyz Inegalitatea mediilor

z+x22\/5

(X+ y)(y+z)(z+x)22\/x7y-2\/ﬁ-2«/ﬂ

(X+ Y)(y+2)(z+X) >84/x°y*z°
(X+ y)(y+2)(z+X)=>8xyz
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- Daca x,y,z sunt numere reale pozitive, sa se arate ca:

X+Y+22/xy +4/yz +32x

Dem.

Y+2Z2>2.Yy2Z Inegalitatea mediilor

2X+2y+22 > 2,/xy +2./yz + 24/2x
X+Y+22/xy +4/yz +32x
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- Daca x,y sunt numere reale pozitive si xy=1, sa se arate ca:

L+x)A+y)=4
Dem.

1+ x> 24/x Inegalitatea mediilor
1+y22J§

L+ x)1+y) > 2% 2,y

L+ x)(1+y) >4 /xy
QA+x)1+y)=>4




L — —

- Fie x,y numere reale pozitive astfel incat x+y=1, sa se arate ca:

Dem.
(x* +y5)(1* +1°) = (x-1+ y-1)?| Cauchy — Buniakovski - Schwarz

(X*+y%)-2>(x+Y)*
2(x* +y?) =1°

X°+yi>=
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- Pentru orice numar real a demonstrati inegalitatea:

a*-2a*+2a*-2a+1>0

a*-2a’+2a*-2a+1>0
a‘+a*-2a’-2a+a’°+1>0
a‘(a’+1)-2a(a’+1)+(a*+1)=0
(@’ +1)(a*-2a+1) =0
(@®*+(a-1)*=>0

(A)



- Ordonati crescator numerele reale:
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a*:a”:al
) oS (=o0i=1) V) a=0 VIl) a e (L+w0)
a’<a<l<a’ a’=a’=a<l l<a<a?<g®
V) ae(01
) a=-1 ) (O)

a=a<a’=1

1) a € (-1,0)
a’<a<a‘<l1

a*<a’<ax<l1

VI) a=1
a’=a‘=a=1
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- Daca a+b+c=0, demonstrafi ca:

a*+b*+c* =2(a’b® +a’c* +b*c?)

a+b+c=0

a+b=-c

a®+2ab+b* =c’

a’+b*—c*=-2ab

(@’ +b* —c?)* = (-2ab)?
a‘+b*+c*+2a’h® —2a’c’ —2b°c’ =4a’b’
a*+b* +c* =2ah*+2a°c® +2b°c?
a*+b*+c*=2(a’h® +a’c® +b*c?)



L — —

- Daca a+b+c=0, demonstrafi ca:

a’+b®+c®=3abc

a+b+c=0

a+b=-c
(a+b)’=(-c)’
a’+3ab(a+b)+b’=-c’
a’+3ab(—c)+b’+c’* =0
a’—3abc+b’+c’=0
a’+b®+c® =3abc

10
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- Scrieti sub forma de patrat perfect expresia:
a(a+1)(a+2)(a+3)+1

a(a+l)(a+2)(a+3)+1=(a*+a)(a*+5a+6)+1=
—a*+5a’+6a°+a’+5a°+6a+l=
—a*+9a°+1+6a°+2a°+6a=

=(a*+3a+1)°

11
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- Scrieti sub forma de patrat perfect expresia:
(a-Da(a+D(@a+2)+1

Fie a-1=t (folosim rezultatul de la problema precedenta)

tt+)(t+2)(t+3)+1=(t*+3t+1)°=[(a-1)°+3(a-1)+1]° =
=(a’-2a+1+3a-3+1)°=(a*+a-1)°

12
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- Dacd a*+b*+c®=a’+b*+c’=a+b+c=1 atunciabc=0

a+b+c=1 (a+b+c)@*+b*+c*)=11
a’+b’+c*+2ab+2ac+2bc=1 a’+ab*+ac’+a’b+b*+bc’+a’c+b’c+cd=1
2ab+2ac+2bc=0 ab(a+Db)+ac(a+c)+bc(b+c)=0
ab+ac+bc=0 ab(l-c)+ac(l-b)+bc(l-a)=0

ab—abc+ac—abc+bc—abc=0
—3abc+(ab+ac+bc)=0
—3abc=0

3abc=0

13



- Demonstratica: a*-a’+a‘*-a+1>0
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a<0 a+a*+1>1 o
. —a —a +a —-a+l1>0
—a'—a=>0
O<axl a® >0 0 , .
. —a —a +a" —-a+1>0
a‘—a >0
1-a>0
-1 10 7 4 . .
a= a —-a +a —-a+1=1-1+1-1+1=1>0
O<a<l a-a’">0 0 7 4
. —a —a +a —a+1>0
a —a>0

1>0

14
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- Demonstrafi ca pentru orice x>0 avem:

1
X4+ —— <a/X°+1
24/1+ X°

x+;< x2+1<:>;<\/x2+1—x<:>

2+/1+ X° 2+/1+ X?
<(\/ﬁ \/x2+1+x X?+1—x°
\/x2+1+x 2+4/1+ X° \/x +1+x

X241+ X<241+ X2 & x</1+X° &

2\/1+x
1
o < o
241+ X2 AIXZP+1+X

& X2 <1+ X2 (A)

15
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- Demonstrati ca pentru orice numere reale a,b,c avem:
3(a® +b* +¢?) S (a+b+c)2
4 - 2

3(a® +b* +¢?) _atb+c

2 ( > )?
3a‘ +3b? +3c? S a’+b%+c”+2ab+2ac+2bc
4 B 4

3a’+3b%+3c?>a’+b?+c?+2ab+2ac+2bc
2a° +2b%*+2c?—2ab-2ac—-2bc >0
(a—b)*+(b—c)*+(c—a)* = 0(A)

16
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- Demonstrafi ca pentru orice numere reale pozitive x,y,z avem:

X(y2 +2%)+ Y2+ 22) + 2(X% + y?) 2 2xy+/Xy + 2yz./yZ + 22%+/ 2X

Xy? + X22 + yX? + y2% + 2% + 2y° 2 2XyA[ XY + 2yZ4/yZ + 22x/2X
Xy? = 2Xy~/Xy + yX2 + x2% = 2xz~/xz + 2% + yz* - 2yz.Jyz + y*2 20
xy(y+x—2ﬂ)+xz(z—2«/ﬁ+x)+yz(z—2\/ﬁ+ y)=>0

XYWX =) +x2(Vz —x)* +y2(yJy —V2)" 2 0(A)

17
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- Demonstrafi ca pentru orice numere reale pozitive a,b,c avem:

a® + b +¢® > ab+/ab +ca+/ca + bc/be

B8  (av/a-bvb)’ >0 (cVo—ava)?=0  (bvb—cvc)2 =0
a®—2abJab+b®*>0 c®*—2cavca+c >0 b *—2bcybc+c®>0

N |7

2a + 2b° + 2¢® — 2ab+/ab — 2ca~/ca — 2bc/bc > 0

a® +b%+c® —ab+/ab —ca+/ca —bc/bc >0
a® +b° +¢® > ab+/ab +ca+/ca + be/be

18
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- Demonstrati ca pentru orice numere reale a,b, daca a+b=2 atunci avem:

a’+b*>2

e b0

(2=b)? +b? > 2
4-4b+Db° +b*>2
2b% —4b+4-2>0
2b* —4b+2>0
b*-2b+1>0
(b—1)2 > 0(A)

19
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- Demonstrati ca pentru orice numere reale a,b, daca a+b=2 atunci avem:

a*+b®>2

- a’+b’>2
(a+b)(@* —ab+b*)>2
2(a’° —ab+b*)>2
a’—ab+b*>1
(2-b)* - (2-b)b+b? >1
A—Ab+b*=2b+b*+b*=1>0
3b*—6b+3>0
b*—2b+1>0

(b—1)2 > 0(A)
20
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- Demonstrafi ca pentru orice numere reale a,b,c,x,y,z daca:

a’+b*+c” =1
L = [ax+by +cz| <1
X“+y +z°=1

- Aplicam teorema lui Cauchy — Buniakovski — Schwarz numerelor:
a,b,c,x,y,z:

(@° +b*+c?)(X* +y* +2°) = (ax+ by +cz)°
1-1> (ax +by +cz)?

(ax+by+cz)* <1

—1<ax+by+cz<1

lax+by +cz| <1

21
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- Demonstrati ca pentru orice numere reale pozitive a,b,c daca:

a+b+c=1 =+/a’h+b%+c2a>ab+bc+ca

- Aplicam teorema lui Cauchy — Buniakovski — Schwarz numerelor:

av/b;bc;cv/a
Jb;+/c;/a

(a’b+b°c+c’a)(b+c+a) > (ab+bc+ca)’
(a’b+b°c+c”a)-1>(ab+bc+ca)’

Ja?h+b2c+c?a >ab+bc+ca

22



-emarcabile -1956@yahoo.com g

- Demonstrati ca pentru orice numere reale pozitive x,y,z avem:

X 7
+ y + >3
—X+Y+Z X—-Y+Z X+y-2Z

y=b+c
Z=a+C
atunci X n y 4 Z >3 -§+322c3aAHf22w:
—X+Y+Z X—-y+Z X+y-2 ¢ a
a+b+a+c+b+c>3 %+222<:>b2+C222bC
2C 2b 28. B a b ) 5
—+—>2<a"+b>2ab
a+b+a+c+b+c26 b a
C b a
a b a c b
—+—F+—+—+—+—26
c ¢ b b a a
a b 23
(— —)+(— _)+(E —) 2 6(A)
a



